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1. INTRODUCTION 
It is well known that the Riccati operator, R, where 
R(u) = ti + p(t) 11 + q(t) u2 + m [ti=$], 
is linearly solvable in the sense that the transformation 
u = A(y) = $ 9fO 
applied to R(u) yields 
where 
Hence, the solutions of 
R(u) = 0, 
which is a nonlinear equation, may be obtained from 
w = 0, 
which is a linear equation. 
(2) 
(3) 
(4) 
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The question arises as to which class of first-order ordinary differential 
operators has such a property. In order to consider this problem the essential 
steps of the reduction given in (3) are embodied in the following definition: 
DEFINITION 1. An ordinary first-order differential operator T is linearly 
solwable if there exists a transformation 
aJ = u(j, y, q 
on the domain of T such that 
wj, Y, 41 s qy, W(y), 
whereL(y) is a linear differential operator, t is the independent variable, and 
F(y, t) f 0 for any y such that u is in the domain of T. 
Linear solvability can be defined in a more general framework and this 
is done in Section 3. For the question on hand, however, the present defini- 
tion suffices and a more general treatment would only serve to obscure the 
basic idea. 
2. A CHARACTERIZATION OF THE RICCATI OPERATOR 
In this section the first-order differential operators, T, considered are those 
which can be written in the form 
T(u) = i + H(u, t), (5) 
where H is continuous in u and t. 
THEOREM. T, as given in (5), is linearly solvable (Dejinition 1) ;f and only 
if T is a Riccati operator. 
PROOF. The sufficiency has already been pointed out. To prove the neces- 
sity assume that there exists 
u = 4% Y, t> (6) 
such that 
TM?, Y, 4 22 F(Y, 9 W. (7) 
Since T is of first order and u involves j, L must be a second order (or less) 
linear differential operator. Write 
ti + H(u, t) = F(y, t) [j + a(t)9 i- b(t)yl. (8) 
The leading coefficient of L may be identically zero in which case the desired 
result is easily obtained. 
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From (6) 
(9) 
Matching coefficients of ji in (8) yields 
324 
aj =F(y, 9. 
and integrating with respect to.9 results in 
24 = F(Y, 4 3 -tf(Y, t), 
wheref(y, t) is some as of yet unspecified function of y and t. 
From (11) 
;=F,j+f,, ;=F,Y+f,, 
and substituting in (8) 
(10) 
(11) 
H(u,t)g--FF,j2-(fil+Ft+pF-aF)j+bFy-pf-ff,-r. (12) 
From (11) 
j= u-f -, F 
which upon substitution into (12) gives 
(13) 
H(u, t) & - 2 ~3 + G,u + G, (14) 
with Gr and G, being functions of y and t. 
Now the left-hand side does not involve y explicitly (only implicitly 
through u). Consequently, the right-hand side being a polynomial in u must 
have coefficients which are only functions of t. Therefore T is a Riccati 
operator. 
Incidentally, the requirement that 
yields 
-2 =f(t) 
f = my + &W 
with g, arbitrary, from which the transformation (2) may be obtained. 
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3. GENERALIZATION 
For the sake of completeness a more general definition of linear solvability 
is now given. 
DEFINITION 2. Let T be a differential operator, T is linearly solvuble 
if and only if there exists a transformation u = A(y), on the domain of T, 
such that 
0) = T@(Y)) = F(Y> t) MY) + WI, 
where L(y) is a linear differential operator, v(t) a fixed element in the range 
of L, F(y, t) a factor not involving derivatives of y and t is the independent 
variable. 
Notice that this definition permits F(y, t) = 0 for some y such that A(y) 
is in the domain of T. Consequently not necessarily all the solutions of 
T(u) = 0 
are obtained from the solutions of 
L(y) + v(t) = 0. 
An example of an operator which is linearly solvable in this sense is the 
Bernoulli operator 
B(u) = 24 + 4(t) fJa + P(t) % a# 1. 
In terms of the transformation 
u = vi/l-a 
where 
B[vl'l-q = v-Q[L(v) + q(t)], 
L(v) = & +m 0. 
This operator is not linearly solvable in the more restricted sense of 
Definition 1. 
An example is given of a first-order nonlinear differential operator related 
to a second order linear differential operator [2]. This property is also posy, 
sessed by the Riccati operator. 
Consider, 
T(u) = fi -p(t) CO82 1 - 1. 
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By means of the transformation 
u(P,r) = tan-l (-- $-) , 
V(9~Y)) = - &-p[j; +(Pw + I)rl* (15) 
The essential difference between the last equality and Eq. (3) is that the 
multiplier of the linear part in (15) contains 3. Hence the role of F(y, t), 
in Definition 1, as it pertains to the Riccati operator is singled out. 
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